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Emergence of complex cell properties by learning to
generalize in natural scenes

Yan Karklin't & Michael S. Lewicki't

A fundamental function of the visual system is to encode the build-
ing blocks of natural scenes—edges, textures and shapes—that sub-
serve visual tasks such as object recognition and scene
understanding. Essential to this process is the formation of abstract
representations that generalize from specific instances of visual
input. A common view holds that neurons in the early visual system
signal conjunctions of image features"’, but how these produce
invariant representations is poorly understood. Here we propose that
to generalize over similar images, higher-level visual neurons encode
statistical variations that characterize local image regions. We pre-
sent a model in which neural activity encodes the probability distri-
bution most consistent with a given image. Trained on natural
images, the model generalizes by learning a compact set of dictionary
elements for image distributions typically encountered in natural
scenes. Model neurons show a diverse range of properties observed
in cortical cells. These results provide a new functional explanation
for nonlinear effects in complex cells** and offer insight into coding
strategies in primary visual cortex (V1) and higher visual areas.

As we scan across a complex natural scene, fixations at multiple
locations (for example, on the trunk of a tree or along its edge)
produce a coherent percept of the underlying structure (the bark
texture or the contour of the edge), even though individual images
collected at the retina are inherently highly variable. Figure 1 illus-
trates the problem our brain solves so effortlessly: perceptually dis-
tinct image regions produce response patterns that are highly
overlapping and cannot be easily distinguished using low-level, linear
representations. What sort of computations are required to achieve
generalization across natural stimuli?

Early visual neurons are typically described as linear feature detec-
tors?. Models developed around this idea can accurately capture the
behaviour of neurons from the retina’ to simple cells in the cortex®
but, as the examples in Fig. 1 illustrate, neither individual features nor
linear transformations can reliably discriminate images of one struc-
ture from another. More abstract features are presumably computed
in later stages of the visual system, but our knowledge of processing
by these neurons is limited. In V1, complex cells respond to an edge
over a range of positions', but classical models of these cells™' fail to
explain a number of nonlinear effects, such as surround suppression
and cross-orientation inhibition®. More importantly, there is no
functional explanation for the role of these behaviours in the percep-
tion of natural scenes. In higher visual areas such as V2 and V4,
neurons are more invariant to image properties such as position
and scale''™"” and might be encoding shape or texture'>'*'*. For these
neurons to generalize effectively, the neural circuitry must generate a
representation that is similar across the wide distribution of images of
a given type (for example, a texture or contour) yet distinct across the
much larger distribution of all other images.

Previous theoretical work has shown that neurons in the primary
visual cortex form an efficient code adapted to the statistics of natural
images'®", but this says nothing about how neurons generalize across

Figure 1| Statistical patterns distinguish local regions of natural scenes.
a, A natural scene with four distinct regions outlined (image courtesy of
E. Doi). b, The scatter plot shows the joint output of a pair of linear feature
detectors (oriented Gabor filters) for 20 X 20-image patches sampled from
the four regions. The outputs from different regions are highly overlapping,
indicating that linear features provide no means to distinguish between the
regions. ¢, Each column shows the joint output of a different pair of linear
feature detectors sampled from the regions containing the tree bark or the
tree edge (the first column corresponds to features in b). The correlations in
each panel can be described by a Gaussian distribution and its covariance
(ellipses). The differences in the distributions between the rows reveal
characteristic patterns in correlations, which become even more prominent
as projections onto more features are considered. These patterns can be used
to generalize within regions while still distinguishing among them. As an
example, we highlight two patches in each region, shown by the circle and
triangle in each panel. Although the pairs of images are visibly quite
different, each image is consistent with the distribution of the local image
region. By contrasting the distributions across multiple dimensions, it is
possible to infer image type for single patches, even if the patches have
similar projections along some image features.
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the intrinsic variability of scene elements. Here we extend the effi-
cient coding approach and propose that an important aspect of visual
computation is to represent the myriad statistical distributions
that characterize local image regions. Rather than coding the pixel
intensities of a patch of texture or edge, neurons in later stages encode
the image distribution (that is, the range and pattern of variability of
pixel intensities or image features) that is most consistent with the
input image. This allows the neural representation to generalize
across individual fixations and convey more abstract properties of
the image. We demonstrate that a model designed around this com-
putational goal and optimized for natural scenes explains nonlinear
properties of complex cells and neurons in higher visual areas,
thereby providing a new functional interpretation for these effects.

Fundamentally, generalization is the identification of common
characteristics of a class from specific instances. The goal of the
proposed model is to learn the statistical distributions that character-
ize local image regions, such as those in Fig. 1, and identify them from
individual image patches. What statistical regularities are relevant for
this task? As the examples in Fig. 1 suggest, the distributions of
perceptually similar images show consistent patterns in the degree
of variation along some dimensions, as well as in the strength of
correlations (and anti-correlations) among different feature dimen-
sions. Although these patterns appear subtle when projected onto
two dimensions, as in the examples, the full multivariate distribution,
consisting of hundreds of dimensions, produces prominent statistical
signatures that can be exploited by the visual system.

To determine how the model generalizes, we must specify how it
represents distributions of local image regions. A simple way to sum-
marize the patterns of correlations for a given type of image is the
covariance matrix of the data. A neural code for this structure could be
defined by enumerating the set of observed covariances and assigning
one neuron to each pattern, but this approach presents two problems.
First, local image classes are not known a priori. Second, given the
limited number of neurons in the visual system, it is not feasible to
represent all possible image types, let alone the combinatorial number
of possible image boundaries. Instead, we propose a distributed code
in which the graded activity of the neural population acts to describe a
continuum of potential covariance patterns.

This distribution coding model is illustrated schematically in Fig. 2.
The model represents the correlations present in local image regions
with a multivariate Gaussian distribution that has a fixed mean of
zero and a covariance that is a function of the neural activity (see
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Figure 2 | Distribution coding model. Rather than encoding the precise
pixel values of an input image (bottom), the proposed model infers for each
image the most likely distribution (ellipses) containing it. Activation
patterns for model neurons are shown at the top of each column. Absence of
activity corresponds to the lack of image structure (left panel)—that is, a
canonical distribution that reflects the statistics over all natural images
(black circle). Increased neural activity represents deviations from this
canonical distribution and captures statistical patterns in local image regions
(middle and right panels, patches and symbols as in Fig. 1). In each panel, the
activation pattern is the same for both inputs. See text for further details.

84

NATURE| Vol 4571 January 2009

Methods). This simple statistical description affords both the flex-
ibility to capture a continuum of natural image distributions and
mathematical simplicity for tractable parameter estimation. The
model uses two sets of parameters to describe correlations in image
distributions. First, the vectors by (arrows within circles) specify
image features along which the encoded distribution can be
expanded or contracted relative to the canonical distribution (black
circle). These vectors are shared by all neurons in the model (repre-
sented by the four grey circles, each of which contains the same set of
arrows). Because these vectors do not necessarily line up with the axes
of the input dimensions, changes in variation along a vector can
correspond to changes in the correlational pattern in many dimen-
sions at once. Neurons in the model (y;) describe changes along these
directions using weights wj.: each has a different set of weights, cor-
responding to an expansion or contraction along feature by. A pos-
itive weight (red) means that the neuron responds to a wider range of
stimuli along that direction, a negative weight (blue) means it
responds to a narrower range, and a weight close to zero (grey)
indicates that the neuron is neutral to this direction. The combined
activation of all neurons specifies the final shape of the encoded
distribution (ellipses). Given a single fixation—one input image—
the model computes the neural representation (that is, the image
distribution) that provides the most probable explanation of the
input. The model is able to generalize over different image regions
if the inferred representation is similar across a region (for example,
for the pairs of patches in Fig. 2).

By adapting model parameters by and wj, to the data, we are able to
find the most efficient way to use a limited number of neurons to
describe the wide range of distributions observed in natural images. It
should be noted that, although our goal is to derive a stable repres-
entation of all patches within a local region, no assumptions about
locality are made (encoding is done independently for each image
patch). It is the task of the model to learn a compact representation of
all patches and to automatically discover which share the statistical
properties of a particular type.

If, as hypothesized, neurons in the visual cortex encode patterns in
correlations in local regions and are adapted specifically to the stat-
istics of natural scenes, we expect the representations learned by the
model to reflect properties of visual neurons. To this end, we trained
the model on patches sampled from a large set of natural images and
examined the resulting parameters as well as the response properties
of model neurons to natural images.

The vectors by encode the directions of common expansion or
contraction in the shape of the image distribution. Drawn as image
patches, each is an oriented and localized edge-like feature. The full
set tiles the spatial extent of the image patch (Fig. 3a) and spans the
range of orientations and spatial frequencies of natural images (not
shown). These oriented, band-pass image features are consistent with
the optimal images for exciting simple cells in the primary visual
cortex'®'. Similar representations have been derived previously
using linear statistical models that maximize the efficiency of the
image codes'®". In the model proposed here, however, these features
are not used explicitly to reconstruct the original image, but instead
function to modify the encoded distributions (arrows in Fig. 2).
Thus, whereas the traditional interpretation of early sensory codes
is that they are adapted for faithful reconstruction of the stimulus,
our results suggest an additional interpretation: they convey varia-
tions in image distributions and allow downstream visual areas to
form more abstract representations.

The second set of parameters, the weights wy, describes the role of
each neuron in shaping the encoded image distribution. A set of
learned weights for a typical model neuron is shown in Fig. 3b.
This neuron exerts the strongest effect on features in the top left of
the image patch, increasing the variability (that is, activation) of
those oriented at its ‘preferred” orientation of 45°, decreasing the
variability of those at the orthogonal orientation, as well as those at
the preferred orientation but at an offset location. Rather than
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responding to a few excitatory or suppressive image features, the
neuron integrates a large number to describe a pattern of variability
underlying a particular image distribution. Although the functional
significance of these subunits is to modify the statistical structure of
the encoded distribution, they also reflect stimulus features to which
this model neuron is most sensitive. It should be noted that a model
neuron is activated by all images from this distribution, rather than
signalling the presence of one best stimulus. Conversely, stimuli that
lie in parts of image space assigned low probability by the neuron
inhibit its activity.

To compare the behaviour of the model neuron to that of cells in
the visual cortex, we tested its response to stimuli used in classical
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Figure 3 | Model neurons exhibit properties of cortical visual neurons.

a, When adapted to natural images, the vectors by are oriented, localized in
space, and span the spatial extent of the 20 X 20-pixel image patch. Each line
reflects the orientation, spatial position within the image patch, and scale
(length of line) of one of the image features. Twenty-five representative
features (from a total of 1,000) are drawn in black, and shown in image form
on the right. b, Weights of one typical model neuron to the features by. As in
a, each feature is represented by a line, and the colour of the line indicates the
sign and magnitude of the weight to the feature (see colour bar). Positive
weights indicate increased variability in the corresponding feature; negative
weights indicate decreased variability; features to which the neuron is
insensitive are shaded grey. Image features (by) corresponding to the five
most positive and the five most negative weights are shown in the right panel;
the corresponding weights are above each feature. These act as excitatory
and inhibitory subunits for this neuron. ¢, When presented with sinusoidal
gratings, this model neuron replicates common aspects of the neural
response in complex cells in cortical area V1. It is highly tuned to the
grating’s orientation, but insensitive to its phase. Adding a grating into the
surrounding region suppresses the response (third plot, 0°) relative to
baseline response to a single grating (asterisk), but this suppression is tuned
to the orientation of the surround and is weakest when the surround is
orthogonal to the preferred orientation (90°). Masking with a superimposed
orthogonal grating suppresses the response (fourth plot, 90°), but this
suppression is also orientation-dependent. All model neuron responses are
plotted on the same scale (red axis); cell firing rates in each plot were
normalized to a maximum value of 1; preferred orientation was shifted to 0°
for the model neuron and the cell in all plots.
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physiological experiments (sinusoidal gratings). Model parameters
were fixed after training on natural images, and neural response
computed on a set of patterns centred in the visual area that evoked
maximal response. This particular model neuron showed a variety of
properties observed in complex cells in V1 and cells in V2, including
phase invariance, orientation tuning and complex suppressive effects
(Fig. 3¢). A large subset of the population exhibits similar properties,
whereas others encode more complex patterns that have been
observed in higher visual areas V2 and V4 (a detailed analysis of
the population and similarities to other experimental data are pro-
vided in the Supplementary Information). We emphasize that these
results, as well as image features described in Fig. 3a, were obtained
with no assumptions about the image structure encoded by visual
neurons and without fitting a model to data from physiological
experiments. Specifically, we did not restrict the encoded image fea-
tures to be localized and oriented, nor did we prescribe in advance
how the subunits are to be combined in the pattern represented by
each neuron.

Finally, we looked at the way in which the model uses the popu-
lation of neurons to represent images. If the model is able to general-
ize across the wide variability present in natural images, then image
patches that are widely scattered in the original space of linear fea-
tures should be tightly clustered in the space of the model’s repres-
entation. This can be illustrated by projecting into two dimensions
(as was done with image space in Fig. 1) the model representation of a
collection of images (Fig. 4). As hypothesized, by encoding image
distributions rather than the precise feature content of each image,
model neurons are able to encode perceptually similar images with
similar representations and to separate distinct image types.

One limitation of the statistical framework used here is that it does
not furnish an explicit feed-forward algorithm for neural encoding.
Nevertheless, it is possible to approximate inference in the model by a
sequential feed-forward computation: a neuron integrates the
squared responses of a large number of image features by and corre-
lates the pattern against its weights wj (see Supplementary
Information for details). This computation can be viewed as a gen-
eralization of the standard model of complex cells, in which each
complex cell takes as input the squared output of two simple
cells”'****' In contrast, model neurons can receive many inputs,
and the linear features themselves are learned. We find that the
optimal number of input features varies greatly, and the features
are integrated in a variety of ways. These predictions are consistent
with recent analyses of functional subfields in V1 complex cells***. In
addition, some model neurons integrate more complex spatial pat-
terns (see Supplementary Information), which predicts a neural res-
ponse to a richer variety of images than has been tested
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Figure 4 | Generalization across natural variability. a, In contrast to linear
projections (compare to Fig. 1b), a two-dimensional projection of the
model’s representation (the activity of 150 model neurons) reveals well-
separated clusters. b, Each 3 X 3-image group corresponds to the array of
symbols in a. Despite the variability in the appearance of edges and textures,
the model’s representation of natural images generalizes within each region
while still distinguishing among them.
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physiologically. Experiments that incorporate such stimuli will pro-
vide an important validation of the proposed model.

The nonlinear effects shown by neurons in the model (Fig. 3¢) have
been previously incorporated into models of complex cells>***?',
Much of this work has focused on fitting mathematical models to
neural data>®**** and does not provide a functional explanation of
the observed neural properties. Other models have been motivated by
specific computational goals, such as statistical independence***,
stability of representation over time’®?’, or position or scale invari-
ance”®. However, these models do not explicitly address the problem
of generalization, which here is performed by inferring the statistical
distribution that is most likely to explain the input image. An import-
ant advantage of our approach is that, rather than assuming invari-
ance (or sensitivity) to limited stimulus parameters such as position
or orientation, the model learns a much more general set of features
that are determined by the statistical structures in natural images. If
higher-level visual neurons are generalizing according to these stat-
istics, they should have invariance along specific stimulus dimen-
sions, and their responses to natural images should reflect
common statistical structure in local image regions. Thus, the model
provides a quantitative way to explore neural responses to complex
stimuli characterized by their statistical regularities.

METHODS SUMMARY

The model describes individual image patches x with multivariate Gaussian
probability distributions:

P(xly)=N(n. C) (1)

with mean p = 0 and with covariance a function of the neural encoding vector
C = fly). The logarithm of the covariance matrix is given by the combination of
outer products of feature vectors by, weighted by neural activities y; through
weights wj:

logC="> " yjwicbib{ )

jk
Because a different covariance can be inferred for each image, the distribution
over the entire ensemble of images is highly non-Gaussian. (This model is a
generalized version of the hierarchical model described previously*, which cap-
tured patterns among the variances, but not the correlations, of linear features.)

We trained the model on a large set of 20 X 20 image patches, sampled ran-
domly from greyscale photographs of outdoor scenes'®. The number of neurons
was set to 150 and the number of linear features by to 1,000. The ‘response’ of
model neurons was computed as the most probable neural representation given
the input image by maximizing the posterior probability P(y[x, {bswj}). Model
parameters were initialized to small random values and optimized by maximiz-
ing the likelihood of the data under the model P(x|{bsw;}) using standard
gradient ascent.

For the ‘physiological’ analysis of Fig. 3¢, we first identified the location,
orientation, and spatial extent and frequency of a windowed sinusoidal grating
that best activated the model neuron (one that yielded the most positive value of
;). We then varied each tested parameter and computed the model’s representa-
tion of the stimulus (the vector of responses of model neurons).

Full Methods and any associated references are available in the online version of
the paper at www.nature.com/nature.
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METHODS

Data. We used 110 greyscale images of outdoor scenes as training data'. Pixel
intensities were log-transformed (corresponding roughly to the transformation
at the retinal cone cells’), and the images were low-pass filtered to remove corner
frequency sampling artefacts. We randomly extracted overlapping 20 X 20-
image patches from the entire data set. The mean luminance value was sub-
tracted from each patch (which sped up model training but had no significant
influence on the results). We ‘whitened” all image patches to remove global
correlations and to normalize the variance; this allowed the model to encode
only the deviations of each image distribution from the global statistics (the
canonical distribution). For visualization of image features, the results were
projected back into the original image space. All stimuli in the physiological
analysis of Fig. 3¢ were preprocessed in the same way as the natural images used
in training.

Model parameter estimation. We estimated the optimal model parameters
0 = {b,,wj} by maximizing the likelihood of the data under the model

P(x/0) = | Plxly. 0)P(y)dy (3)

The conditional distribution P(x|y, 0) is a multivariate Gaussian that captures
correlations in local image regions (equation (1)). Neural activities were
assumed to be sparse’ and independent, and were modelled with a Laplacian

(symmetric exponential) distribution, P(y)=TIP(y;)ocIle” Wil The integral
over all possible neural states in equation (3) is intractable and was replaced
by a single evaluation at the maximum a posteriori value y =arg max, P(y|[x, 0).
Although this approximation ignores the volume around the maximum, it is one
standard approach to tackling this problem.

We assumed the training patches were sampled independently and that the

likelihood for the data ensemble was a product of terms for individual images
(equation (3)). In practice, we maximized the log-likelihood using gradient
ascent on batches of 100 image patches. Repeated training runs produced con-
vergence to similar parameter values.
Model responses to grating stimuli. The orientation tuning of model neurons
in Fig. 3¢ was measured using 20 X 20 patches of sinusoidal gratings at different
positions, orientations, spatial frequencies and phases. We first eliminated neu-
rons that were ‘unresponsive’ to gratings, that is, those whose maximal response
did not reach 2 standard deviations of the population response to gratings. This
was necessary to discount small random activation of neurons tuned for other
types of image structures. For each neuron we found the grating with the max-
imal response and measured modulation in response to varying orientation,
phase, or the addition of masks in the receptive field or the surround. Because
neural activity could be positive or negative, the full amplitude of modulation
was considered as twice the maximum absolute value of the response.

A neuron was considered to be orientation-tuned if its response was modu-
lated by more than 50% over the range of stimulus orientations, and to be phase
invariant if the response varied less than 50% over phase-shifted gratings. Cross-
orientation inhibition and surround suppression corresponded to greater than
25% decrease in neural response. Bandwidth of orientation tuning was com-
puted as the width at 1 / /2 of the full amplitude of the response modulation.

The projection of neural activity in Fig. 4 was computed using linear discrim-
inant analysis, a technique that finds the linear projections that best separate
different classes of data. Applied to the raw pixel data or to the outputs of linear
features (data shown in Fig. 1), this method failed to separate the clusters.

30. van Hateren, J. H. Processing of natural time series of intensities by the visual
system of the blowfly. Vision Res. 37, 3407-3416 (1997).

31. Olshausen, B. A. & Field, D. J. Sparse coding of sensory inputs. Curr. Opin.
Neurobiol. 14, 481-487 (2004).

©2009 Macmillan Publishers Limited. All rights reserved

nature


www.nature.com/doifinder/10.1038/nature07481
www.nature.com/nature
www.nature.com/nature

LETTER Communicated by Bruno Olshausen

A Hierarchical Bayesian Model for Learning Nonlinear
Statistical Regularities in Nonstationary Natural Signals

Yan Karklin

yan+@cs.cmu.edu

Michael S. Lewicki

lewicki@cnbc.cmu.edu

Computer Science Department and Center for the Neural Basis of Cognition, Carnegie
Mellon University, Pittsburgh, PA 15213, U.S.A.

Capturing statistical regularities in complex, high-dimensional data is an
important problem in machine learning and signal processing. Models
such as principal component analysis (PCA) and independent compo-
nent analysis (ICA) make few assumptions about the structure in the
data and have good scaling properties, but they are limited to represent-
ing linear statistical regularities and assume that the distribution of the
data is stationary. For many natural, complex signals, the latent variables
often exhibit residual dependencies as well as nonstationary statistics.
Here we present a hierarchical Bayesian model that is able to capture
higher-order nonlinear structure and represent nonstationary data distri-
butions. The model is a generalization of ICA in which the basis function
coefficients are no longer assumed to be independent; instead, the depen-
dencies in their magnitudes are captured by a set of density components.
Each density component describes a common pattern of deviation from
the marginal density of the pattern ensemble; in different combinations,
they can describe nonstationary distributions. Adapting the model to im-
age or audio data yields a nonlinear, distributed code for higher-order
statistical regularities that reflect more abstract, invariant properties of
the signal.

1 Introduction

The goal of many algorithms in machine learning, signal processing, and
computational perception is to discover and process intrinsic structures in
the data. Extracting these from real signals is a difficult problem, because
often the relationships among the observable variables are complex, and
there is little a priori knowledge about the types of structures that exist.
When some a priori knowledge is available, specialized algorithms can be
designed, but this approach is generally less desirable, as it places restric-
tions on the type of structure that can be learned. Another difficulty is that
the dimensionality of the data is often very high, and properties of inter-
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est lie in a relatively low-dimensional subspace. Because of the inherent
variability of most real-world signals, intrinsic regularities are statistical in
nature, which makes them that much more difficult to learn.

One approach to learning statistical regularities is to formulate a prob-
abilistic model of how the data are generated and adapt its parameters to
fit the observed distribution. The adapted parameters reflect the statistics
of the data ensemble, while internal representations encode individual data
patterns. These models make minimal assumptions about the data and can
result in more general representations than those in algorithms tailored for
specific tasks or types of data.

There are several ways in which data patterns are represented in prob-
abilistic generative models. Distributed representations of linear compo-
nential models, such as those for principal component analysis (PCA) and
independent component analysis (ICA), are particularly useful for model-
ing complex high-dimensional data because they can capture independent
regularities with independent internal parameters (Bell & Sejnowski, 1995).
This makes it possible to model a continuum of different statistical relation-
ships and allows scaling of the algorithms to large numbers of dimensions.
Current models, however, are limited in the type of structure they can rep-
resent; in order to understand these limitations, it is helpful to look at their
mathematical formulation.

Linear componential models achieve a distributed representation by de-
scribing the data as a combination of linear basis functions (for a review, see
Hyvérinen, Karhunen, & Oja, 2001; Cichocki & Amari, 2002). This yields
a probabilistic generative model in which the data (x) are generated as a
linear combination of basis functions (A) weighted by coefficients (u),

x = Au. (1.1)
The likelihood of the observed data under this model is

p(x) = p(u)/| det(A)] (1.2)

(Pearlmutter & Parra, 1996; Cardoso, 1997), and the basis function matrix
A is adapted to maximize the data likelihood. The coefficients u are the
unknown (latent) variables. They are assumed to be independent and iden-
tically distributed (i.i.d.),

pw = [ [pa). (1.3)

The priors p(u;) are typically chosen to be fixed sparse distributions (al-
though parameters of the prior may be adjusted to maximize data likeli-
hood). Because basis function coefficients are assumed to be i.i.d., the de-
pendence among the data is represented solely by the learned matrix of
basis functions.
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The obvious limitation of this model is that its inherent linearity restricts
the type of structure it can capture. Even simple, low-dimensional data often
exhibit statistical dependencies that cannot be captured by linear transfor-
mations. In many applications, data are complex and rich with statistical
structure, and latent variables of linear models adapted to these data ex-
hibit significant residual mutual dependence (Hyvéarinen & Hoyer, 2000;
Schwartz & Simoncelli, 2001; Karklin & Lewicki, 2003).

Another shortcoming of these models is that they assume that the statis-
tical regularities in the data do not change; they describe stationary prob-
ability distributions. For example, once model parameters are adapted in
ICA, both the prior and the basis functions are fixed, leading to a stationary
distribution over the data. This does not depend on the form of the prior
and also applies to models with adaptive or entirely nonparametric priors.
In many domains, however, the statistics of the data are known to change, as
the physical properties of the environment or conditions for data acquisition
vary. While the stationary prior assumption gives a valid approximation of
true density over a large enough corpus of training data, it does not reflect
the variation across contexts that is observed in many signals.

Figure 1 illustrates nonstationary statistics observed in images of natural
scenes. ICA basis functions were adapted to 20 x 20 patches taken from an
ensemble of natural images. Over the full ensemble of the training data, the
basis function coefficients have marginal distributions that are consistent
with the prior assumed by the model (not shown). However, computing
coefficient histograms over particular image regions reveals systematic de-
viations from the (globally valid) stationary distribution. Patterns in the
histograms suggest that basis functions of certain orientations are more ac-
tive in some parts of the image (e.g., textured, oriented surface of the log),
while in other regions, different subsets tend to be activated. This is observed
in other types of data as well: temporal basis functions adapted to speech
also yield coefficients whose statistics vary greatly across local regions of
the signal (see Figure 2).

Figures 1 and 2 give just a few examples of patterns in latent variable
distributions that depend on the local context. In fact, there is a wide range
of statistical regularities in complex data, a continuum of contexts that is as
multidimensional as the physical properties of the environment that give
rise to it. Local representations, as employed by clustering or mixture model
techniques, assume that the contexts are discrete and thus cannot describe
regularities that arise from a combination of different contexts. A model
that captures this variation must form flexible, distributed representations
of higher-order structure. Moreover, because the dimensions of the contexts
are not known a priori, the model must be able to automatically discover
this underlying structure. Finally, many previous models of nonstation-
ary distributions have relied on the assumption that data statistics vary
smoothly from sample to sample (Everson & Roberts, 1999; Pham & Car-
doso, 2001) and computed local estimates of context-dependent variation.
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Figure 1: The distribution of ICA basis function coefficients exhibits nonsta-
tionary statistics that reflect local image structure. (a) A subset of image basis
functions learned from an ensemble of natural images, ordered by orientation.
The small black square on the image indicates the size, relative to the image, of
the learned basis functions. (b) Coefficients of independent components were
computed over two regions of an image. (c, d) Histograms of the coefficients for
the two regions reveal patterns in the joint distributions. Each histogram in the
10 x 10 grid in c and d corresponds to a basis function at the same grid position
in 2 and is normalized so that the filled area sums to 1. Different types of local
image structure produce different patterns in the joint activities. For example,
the image region containing the log yields higher coefficient variation for ba-
sis functions oriented along the grain and matching the approximate spatial
frequency of the wood texture.
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Figure 2: ICA basis functions adapted to speech data also exhibit nonstation-
ary statistical dependencies. (a) A subset of 256 ICA-derived basis functions
ordered by dominant frequency. (b) Each basis function was convolved with
three different regions of a speech signal. The length of the basis function is
indicated by the short bar above the start of the speech signal. (c) The variances
of coefficients sampled over the three regions, with the 256 coefficients ordered
by frequency as in a. Although all basis function coefficients have unit variance
when sampled over the whole data ensemble, local regions show characteristic
variance patterns that reflect local signal structure.

This assumption does not always hold; even spatially and temporally coher-
ent data exhibit abrupt changes that cannot be modeled as slowly evolving
processes.

Here we address the limitations of previous models with a hierarchical
Bayesian model that forms a distributed code of higher-order statistical reg-
ularities and captures nonstationarities in the data distribution. The model
is a generalization of ICA; thus, we begin with a standard linear componen-
tial model in which the data are generated as a combination of linear basis
functions. However, instead of assuming that the basis function coefficients
are independent (and their joint prior distribution is factorable; see equa-
tion 1.3), we explicitly model the dependence among hyperparameters of
their priors. In order to capture variable, context-dependent activation of
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basis functions, the dependence is specified through the scale parameters
governing the width of the prior (and hence the variance of the coefficients).
This dependence is modeled with a set of density components, a distributed
code that describes the shape of the joint density of the linear coefficients
and captures patterns in the variances of the coefficients as observed in the
motivating examples.

Each density component describes a common underlying deviation from
the standard assumption of independence (the i.i.d. joint prior) associated
with a frequently encountered context. Using a weighted combination of
density components, the model is able to represent a continuum of context-
dependent changes in probability distributions. Adapting the set of density
components and modeling their activation with a sparse prior yields a com-
pact description of higher-order statistical regularities of the data ensemb]e.
Unlike other recent methods, the model makes no assumptions of temporal
or spatial coherence; it is able to infer, independently for each data sample,
the higher-order code that describes the generating distribution.

Below we present the probabilistic framework for the model and describe
the associated learning algorithms. Previously, we have used this model
to discover higher-order structure in natural images (Karklin & Lewicki,
2003). Here, we describe the algorithm in more detail and frame it as a
general method of statistical density estimation for high-dimensional non-
stationary data. We verify the recovery of correct model parameters using
a toy data set, apply the learning algorithm to a wider range of data types,
and show how the learned higher-order code accounts for observed de-
pendencies. We provide results and analysis for photographs of natural
scenes, scanned images of newspapers, and speech waveforms. However,
the model is not tailored specifically to images or audio data, and can be
used to automatically learn the nonlinear statistical dependencies in any
data set with sufficiently rich structure.

2 A Hierarchical Model for Nonstationary Distributions

Our model is a generalization of previous linear models. Hence, we begin by
assuming that each data vector is generated as a combination of linear basis
functions, x = Au. As in standard ICA models (e.g., Cichocki & Amari,
2002), basis function coefficients are assumed to be sparsely distributed.
Here we use a generalized gaussian distribution with zero mean:

p(ui) = N, Ai, qi) (2.1)
”

qi
d ) , (2.2)

A

= Zj exp <—

where z; = g;/(21;T'[1/4;]) is a normalizing constant. The parameter g; de-
termines the weight of the distribution’s tails and can be estimated from the
data; in many ICA applications, the coefficients tend to be sparse, making
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their distributions supergaussian (g; < 2). Typically, the scale parameter A;
is fixed to a constant, since the basis functions in A can themselves scale to
fit the data.

In order to capture residual dependence among coefficients u, we must
abandon the assumption of fixed, independent priors. The motivating ex-
amples suggested that intrinsic structures in the data give rise to patterns in
the scales of the coefficients (similar dependencies have been observed pre-
viously in wavelet coefficients; Simoncelli, 1997). A natural way to model
this is through the scale parameters of the prior, which we model as a non-
linear transformation of latent higher-order variables. Specifically, we use
a matrix of density components B and density component coefficients v to
describe the logarithm of the scale parameter,

log(A/c) = Bv. (2.3)

If we define the constantc = ,/T'(1/9)/ I'(3/9), the variance of the coefficients

becomes 1 when the right side of the equation is 0 (this becomes convenient

when a zero-centered prior is selected for the distribution of v; see below).
The joint prior distribution of coefficients u can now be expressed as

qi
, 2.4)

Ui

—logp(u|B, v) o Z[BV]"JF cexp([Bv])

where [Bv]; represents the ith element of the vector Bv (see the appendix
for the derivation).

Basis function coefficients are assumed to be independent conditional on
the higher-order variables, p(u|v) = [ p(u;|v). This accounts for the depen-
dence in the magnitudes of basis function coefficients. The new form of the
prior (2.4) implies that if v is 0, the model reduces to standard ICA in which
the linear coefficients are independent and identically distributed with vari-
ance equal to 1. Nonzero values of v scale and combine density components
(columns of B) that define patterns in the distributions of u. Because each
v; can be positive or negative, each density component represents contrast
in the magnitudes of coefficients u (see Figure 3).

We place a nongaussian, sparse prior on the latent variables v and infer
their values for each data sample.! This means that a priori, we assume
that the activity of density component coefficients is sparse, and relatively
few components are needed to describe how the generating distribution
associated with each data sample differs from the i.i.d. ICA model. Using
this parameterization, we adapt the density components to the entire data
ensemble, which produces a compact description of higher-order statistical
regularities.

T A Laplacian prior was used in the simulations, but other distributions may be more
appropriate.
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Figure3: Each density component defines a pattern in the joint distribution p(u).
The plot at the top shows an example nine-dimensional density component B;.
The distributions of coefficients u,, .y are shown for different values of v;. Here
we show only a single density component B;, whereas the model adapts a set
of them B = {By, By, ..., By} to obtain a compact description for common scale
patterns in the data.

The full generative model is shown in graphical form in Figure 4. There
are two sets of random variables that give rise to the data, v and u, and two
sets of parameters adapted to the data: the linear basis functions A and the
density components B. A crucial difference between this generative form
and several other models that account for higher-order dependence is that
here, the density components specify a distribution over the coefficients,
as opposed to exact values or pooled magnitudes, which have been used
in other models (Hoyer & Hyvérinen, 2002; Welling, Hinton, & Osindero,
2003). Thus, the model forms a hierarchical representation in which the
lower-level codes data values precisely and the higher level represents more
abstract properties associated with the shape of the data distribution.

3 Inference of Density Component Coefficients

For each data sample, it is necessary to compute the higher-order represen-
tation v that best describes the pattern in the scale of coefficients u. This
transformation is nonlinear and cannot be expressed in closed form. Here,
we compute the best value of v by maximizing the posterior distribution,

¥ = argmaxp(v|u, B), (3.1)
= argmax p(u|B, v)p(v). (3.2)
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Figure 4: Schematic of the hierarchical generative model. Sparsely distributed
random variables v specify (through a nonlinear transformation) the scale hy-
perparameters A for the distribution of coefficients u. The data x are a linear
combination of coefficients u. Matrices A and B are parameters that are adapted
to the statistical distribution of the data.

We assume that v;’s are independent (p(v) = [];p(v;)) and sparsely dis-
tributed (logp(v;) o« —|v;|). For the simulations below, ¥ was derived by
gradient ascent. We used second-order methods (LeCun, Bottou, Orr, &
Miiller, 1998) to stabilize and speed up convergence to optimal estimates.

Because the prior is zero centered and sparse, only a few nonzero val-
ues will contribute to the representation of each data sample. The infer-
ence of optimal density component coefficients is analogous to estimating
sample variance based on a single observation, but the problem is further
constrained by the structure of the learned density components. Because
the model is constrained to describe the pattern of variance with a sparse
combination of density components, the value of v for a typical pattern is
usually well determined. In addition, the high dimensionality of the input
facilitates the inference process, as it provides more directions of variation
that make up the variance pattern.

4 Adapting Model Parameters to the Data

The linear basis functions and the density components are adapted to the
data ensemble by maximizing the posterior p(A, B|X). We assume that sam-
ples in the data ensemble X = {x1, ..., xy} are independent, so that

N
p(X|A, B) = [ [ p(xulA, B). 4.1)

For each data sample x, the posterior distribution is

p(A, B|x) o p(x|A, B)p(A, B) (4.2)
= p(u[B)p(B)/| det(A)]. (4.3)
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Ideally, the marginal distribution p(u|B) would be computed by integrating
over v, but evaluating this integral for equation 2.4 is intractable. Here we
approximate it using the maximum a posteriori estimate ¥:

p(u[B) = f p(u[B, Vp(W)dv, (4.4)
~ pu|B, ¥)p(¥). 4.5)

Substituting this approximation into the posterior gives
p(A, Blx) o p(u[B, ©)p(¥)p(B)/| det Al. (4.6)

The prior on B places a small a priori bias for small values of B; j and elim-
inates the problem of a degenerate case in which B grows without bounds
while v’s rescale to be smaller. For the results here, we assumed B;, i followed
a gaussian distribution. The matrices A and B can be optimized iteratively by
maximizing p(A|X, B) and then maximizing p(B|X, A). In this case, the first
step amounts to performing ICA in which the priors incorporate the scale
estimates ¥. Alternatively, we can assume that optimal linear basis functions
are largely independent of the set of density components, and optimize B
using a fixed A. For computational efficiency, A and B were assumed to
be independent and were adapted separately in the simulations described
below. We confirmed the validity of this approach by training a model on
data of reduced dimensionality and with fewer density components; results
were qualitatively similar to optimizing the parameters independently.

In order to verify that the learning algorithm produces a valid solution,
we adapted model parameters to an artificial data set for which the opti-
mal solution was known. The data were generated by constructing a set
of density components and then sampling basis function coefficients ac-
cording to p(u|B). An illustration of the process and the obtained results
is shown in Figure 5. Optimizing density components from random ini-
tial values produced a matrix that was identical (up to a permutation of its
columns) to the true model parameters (see Figures 5a and 5b). The patterns
in the learned density components specify nonlinear dependencies among
coefficient magnitudes; in fact, there are no linear correlations among basis
function coefficients sampled from the model (even when the same v is used
to generate the coefficients). Linear models like ICA are unable to recover
these statistical regularities.

As a control, we adapted the density component model to a pure noise
data set in which coefficients u were random samples from independent
sparse distributions. In this case, no regularities in the magnitudes of co-
efficients existed, and the resulting density components consisted of small,
random values.
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5 Discovering Structure in Complex Data

5.1 Learned Density Components. We optimized model parameters on
several data sets and analyzed the learned density components. For com-
putational simplicity, the model was optimized in two stages in all the sim-
ulations. First, a complete linear basis A was adapted to the data using
standard methods; next, the density component matrix B was optimized on
the coefficients of the fixed A. Since the linear basis functions were learned
using standard ICA methods, our analysis and discussion here is limited to
the recovered matrix of density components. The density components were
initialized to small random values, and gradient ascent was performed on
stochastically sampled batches of data. The maximum a posteriori estimate
¥ was obtained using 20 steps of gradient ascent. Convergence of the gra-
dient procedures for the optimization of B and estimation of ¥ was tested
in a number of ways, including varying the step size, the number of itera-
tions, and the initial conditions. The given optimization parameters yielded
reasonable speed and accuracy, as well as consistent solutions for different
random initial conditions.

We first applied the learning algorithm to small (20 x 20) image patches
sampled from a standard set of 10 gray-scale images of natural scenes (Ol-
shausen & Field, 1996; Karklin & Lewicki, 2003). We used a complete set
of 400 linear basis functions. The number of density components was set
to 100 (although the algorithm is able to recover any number that yield a
sparse distribution for coefficients v). We used batches of 1000 samples for
35,000 iterations of gradient ascent with a fixed step size of 0.3.

Statistical regularities of the data ensemble are captured in the matrix
of density components. In order to analyze the structure described by this
matrix, we need to examine its weights as they relate to the basis functions
whose distributions they affect. (Recall that each weight in a density compo-
nent vector specifies how a particular p(u;) is rescaled). The initial ordering
of basis functions in the learned matrix A is arbitrary; hence, weights in B
also appear random in their original ordering. However, we can rearrange
the weights in B according to some property of the linear basis functions and
examine whether the learned density components capture structure related
to the chosen property. For example, ICA basis functions adapted to nat-
ural images are spatially localized; arranging density component weights
according to the location of corresponding basis functions within the im-
age patch reveals patterns in their organization (see Figure 6). Thus, density
components that appear structured in this arrangement specify dependence
among spatially related linear basis functions. As parameters in the gener-
ative model, they describe common data distributions that reflect localized
image structure. Some density components also appear random when ar-
ranged spatially, but these often show organization along other dimensions
of the lower-order representation, such as orientation or spatial frequency
(Karklin & Lewicki, 2003). Changing the number of density components
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does not affect the type of structure captured by the hierarchical model. A
larger number of density components allows the model to represent finer-
scale spatial regularities, as well as other statistical structure that is not as
obvious to interpret.

Wealso applied the model to speech data from the TIMIT database. Linear
basis functions were adapted to bandpass filtered speech segments of 256
samples (16 msec of 16 kHz sound). The number of density components was
set to 100, and the parameters were optimized using stochastic learning
on data batches of 1000 for 10,000 iterations. A representative set of the
learned density components is shown in Figure 7. In order to display the
weights in the density components as they relate to the linear code, we first
computed the Wigner distributions (WD) of the linear basis functions using
the DiscreteTFDs Matlab package (O’Neill, 1999). The Wigner distribution
of abasis function is a surface in the time-frequency space; we took a contour
at 95% peak value for each basis function and drew all these contours on
a single time-frequency plot (time on the horizontal axis, 0 to 16 msec, and
frequency on the vertical axis, 0 to 8 kHz). Because the linear basis functions
adapted to speech tile most of the the time-frequency space, the contours
also exhibit relatively even tiling of the plots. In Figure 7, nine WD plots
show the weights in nine density components to the same set of linear
basis functions. Here, as in image density components, the shading of each
patch corresponds to the value of the weight. Some density components

Figure 5: Facing page. The model correctly recovers the density components used
to generate synthetic data. We constructed a 50 x 10 matrix B composed of 10
cosine-shaped density components (a). After 3000 iterations, the model recovers
(up to a permutation) the correct density components (b). (c) The generative and
inference steps of the algorithm. (1) Three 10-dimensional density component
coefficients are drawn from a sparse distribution; (2) each v specifies a vector of
scaling variables A through the nonlinear transformation A” = cexp[Bv]®.
(8) The scaling variables are hyperparameters for nonstationary distributions
p(u), from which data samples u are drawn. In order to emphasize that each
vector of scaling variables P specifies a distribution, not fixed values of u, we
plotted several u’s drawn from the distribution p(u|A”). In actual simulation,
each data point was generated independently. Using the learned density com-
ponents, estimates of (4) ¥ and (5) A were obtained for each data sample. Because
the inference problem involves the estimation of density parameters from sin-
gle data points, ¥ and A only approximately match true parameters. Although
the complete hierarchical model includes another transformation x = Au, the
projection to data space x is linear and is not necessary for inference of ¥ when co-
efficients u are known. The scatter plot of 1000 samples of u#; and u, drawn from
the model (d) shows that there is no linear dependence among basis function
coefficients.
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Figure 6: Density components optimized on an ensemble of 20 x 20 image
patches drawn from natural scenes. Each column of B is represented here as
a square; its weights to 400 image basis functions are plotted as dots, placed in
locations corresponding to the center of each image basis function in the im-
age patch. Each dot is colored according to the value of the weight, with white
indicating positive weights, black negative weights, and gray weights that are
close to zero. Most density components describe spatial relationships and cap-
ture coactivation of linear basis functions localized to a particular area of the
image patch. For example, the density component in the second row, second
column indicates whether contrast in the image patch is localized to the top or
the bottom half. While most density components represent location, orientation,
or spatial frequency regularities, the organization of some is not obvious.

describe coactivation of linear basis functions of adjacent frequency bands,
while others are localized in time within the sample window. Most density
components capture periodic higher-order structure and regularities across
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Figure7: A subset of density components of speech. The weights in a column of
B are plotted as shaded patches in one of the nine panels. Each patch is placed
according to the temporal and frequency distribution of the associated linear
basis function and shaded according to the value of the weight, with white
indicating positive weights, black negative weights, and gray weights that are
close to zero. The axes represent time, 0 to 16 msec, horizontally, and frequency, 0
to 8 kHz, vertically. The density components form a distributed representation
of the frequency of the signal and the location of energy within the sample
window. Density components coding for multiple frequencies might capture
harmonic regularities in the speech signal (see the text for details).
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multiple frequencies or time intervals, and a few are tuned specifically to
subtle shifts in dominant frequency over the sample window.

5.2 Higher-Order Code. In order to better understand the type of struc-
ture captured by the model, it is informative to look at the higher-order
code—the coefficients of density components—and the statistical regular-
ities it represents. Individual density component coefficients indicate the
presence, in each data sample, of the type of structure represented in Figure
6. As a distributed code, their joint activity describes the data density whose
shape reflects underlying structure in the data.

Figure 6 shows that among other statistical regularities, the higher-order
code captures spatial relationships in the data. How does this representation
compare to the lower-level, linear code for image structure? The activity of
density component coefficients over contiguous regions of the data suggests
that the higher-order representation captures more abstract properties of
the data (see Figure 8). When a sliding window is applied to a natural
scene image, the resulting lower-level representation changes rapidly from
sample to sample, as would be expected from what are essentially outputs
of linear filters. The higher-order representation varies more slowly over the
image and captures more invariant properties of the data, such as overall
image contrast or the dominance of certain spatial frequencies. Also shown
in Figure 8 are the values of the linear and the density component coefficients
for a model trained on images of newspaper text. Here too the density
component coefficients describe more abstract properties: several combine
to form a distributed representation of text line position in the image patch
(the activity of one such coefficient is shown in the first panel of Figure 8f),
while others represent commonly observed structures in the data, such as
recurring shapes of letters or blank spaces between words.

Applied to audio data, the model also captures more abstract properties
of the stimulus. In Figure 9a, we plot an example audio signal, along with
the activities of three linear coefficients in Figure 9b and three density com-
ponent coefficients in Figure 9c. We emphasize that, as for the images, the
model is trained on segments drawn randomly from the data set, and the
values of the coefficients for each sample position in the signal shown in
the figure are determined independently. The higher-order representation
varies more slowly than responses of the linear filters and captures struc-
tural elements that extend well beyond the small sampling window. This
may reflect a general property of natural signals—fast fluctuations in their
exact values are caused by interactions of underlying physical properties,
which themselves change more slowly.

5.3 Modeling Residual Dependencies. The motivating examples (see
Figures 1 and 2) showed specific types of residual dependencies among the
“independent” linear coefficients, such as the dependence among the scale
of coefficients, which formed patterns that changed from context to context.
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Figure 8: The higher-order code captures more abstract properties of image
data and therefore forms a more invariant representation than the coefficients
of linear basis functions. We trained the model on natural images (a—c) and
scanned newspaper clippings (d—f) and analyzed the representation formed by
the model as it varied over the images. A sliding window (represented as white
squares in the images) was applied over contiguous sections of the training
data (a,d), and values of three linear coefficients u; (b,e) and three higher-order
coefficients v; (c,f) were plotted as they varied over the signal. White represents
large pos values, black large negative values, and gray zeros. Although the
model is trained on image patches selected randomly from the data set, the
higher-order code forms a representation that changes more slowly over space
and captures properties of the data that extend beyond the sampling window,
such as the overall contrast in natural images or the position of the text-line in
newspaper images.

The adapted hierarchical density component model is able to capture these
dependencies. First, drawing from the model generates data with similar
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Figure 9: The higher-order representation formed by the hierarchical model
trained on speech data is more invariant than simple outputs of linear filters. A
sliding window was applied to a speech signal (a; size of window indicated by a
short bar). At each point, the linear basis function coefficients u were computed
(b) and the higher-order coefficients v were inferred (c). Values of v change
slowly and represent more abstract properties, such as the presence of silence
or the onset of vocalization. Only three examples for u and v are shown.

statistical regularities. Furthermore, the higher-order representation in the
model defines an implicit normalization of the linear code, and the residual
dependencies are no longer observed in the normalized code.

Figure 10a shows the empirical joint distributions (top row) of two lin-
ear coefficients when sampled from the image regions R; or R, of Figure
1. In the two contexts, the shape of the distribution is different: the coeffi-
cients have high variance in one context but not in the other. The statistical
properties in the two contexts are captured by the inferred density compo-
nent coefficients. Fixing the density component coefficient to the empirical
distributions and sampling the linear coefficients reveals the same type of
statistical structure (middle row). At the same time, it is possible to use the
estimated parameters of the generating distribution to normalize the data.
Dividing the linear coefficients by the estimated scale parameters A results
in joint distributions that are symmetric with uniform variance across dif-
ferent contexts and image regions (bottom row).

Another way to observe dependence among coefficient magnitudes is
to draw a conditional histogram that plots distributions of one coefficient
conditional on different values of another (Simoncelli, 1997; Schwartz &
Simoncelli, 2001). While the joint histograms show that coefficient magni-
tudes are dependent on the sampling context, conditional histograms reveal
pair-wise dependencies between coefficients across all contexts. For natural
images, most linear coefficients show a positive magnitude dependence; the
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Figure 10: Dependence in the magnitudes of linear basis function coefficients
is captured by the density component model. (a) The joint distributions of lin-
ear coefficients are different in the two image regions from Figure 1, that is, the
data distribution is not stationary. Sampling from the model under the estimated
higher-order representation of each context results in similar distributions. Nor-
malizing the image data by the estimated scale parameters, i; = u;/A;, eliminates
the non-stationarity. (b) Over the full data ensemble, empirical conditional his-
tograms for pairs of coefficients show statistical dependencies in the magnitude.
Sampling from the model adapted to this data ensemble produces similar de-
pendencies, and normalizing by the estimated scale parameters removes the
magnitude correlations. See the text for more details.

magnitude of one coefficient is positively correlated with the magnitude
of another, (e.g., the left pair in Figure 10b), but some exhibit the reverse
pattern. Sampling from the model produces data with the same statistical
dependencies (see Figure 10b, middle row), while normalized linear coeffi-
cients show no conditional magnitude dependence (see Figure 10b, bottom
TOW).

Joint and conditional histograms illustrate pair-wise structure in the lin-
ear coefficients; global patterns in coefficients, such as those observed in
Figures 1 and 2, are also captured by the model. In the top row of Figure 11,
we replot the statistics from Figure 2 that show variance patterns in different
regions of the speech signal. In the bottom row, we plot the same statistics
for the coefficients normalized by the estimated scale parameters; after nor-
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Figure 11: The model accounts for nonstationary statistics of coefficients. (Top
row) Log variance of u for the three regions in the speech signal from Figure 2b.
Each plot shows the log variance of 256 basis functions, sorted by dominant fre-
quency (replotted from Figure 2c). (Bottom row) Log variance of the normalized
basis function coefficients u; = u;/ A

malization, the statistics are stationary, and the coefficients are identically
distributed. The same global normalization effect is observed for natural
images (plots not shown).

6 Discussion

Some previous work has focused on extending linear probabilistic models.
Mixtures of linear ICA models have been used to describe high-dimensional,
nongaussian data drawn from distinct classes (Lee, Lewicki, & Sejnowski,
2000; Lee & Lewicki, 2002). In this approach, the number of classes is spec-
ified in advance, and an optimal linear basis is learned for each class. This
nonlinear generative model describes different data distributions for differ-
ent classes, but its higher-order representation is fundamentally local and
does not scale well in domains where the variation in higher-order struc-
ture is continuous and high-dimensional. A key problem addressed by the
model presented here is the presence and interaction of multiple instrinsic
structures, and this is achieved by a continuous, distributed higher-order
code.

Other models have extended ICA to handle nonstationary data distri-
butions. Everson and Roberts (1999) proposed a model in which ICA ba-
sis functions evolve with time as a first-order Markov diffusion process.
Similarly, Pham and Cardoso (2001) developed and Choi, Cichocki, and Be-
louchrani (2002) extended algorithms for non-stationary models in which
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the variances of the sources modulate slowly in time. These are also re-
lated to models of time-varying mean and variance in economics (Bollerslev,
Engle, & Nelson, 1994), and typically model data whose statistics change
slowly over time or space. Alternatively, one can describe the variance
with a sparse but temporally coherent latent variable (Hyvarinen, Hurri,
& Vayrynen, 2003). However, in many cases, real-world data are subject
to both smooth and abrupt changes that do not follow diffusion dynam-
ics or smooth amplitude modulation. In contrast to these approaches, the
density component model makes no assumptions of temporal or spatial
smoothness. It infers an optimal generating distribution for each data sam-
ple based on only the values of that sample, though the inference process is
constrained by parameters adapted to the statistical regularities of the entire
data ensemble. Thus, it is able to capture both smooth and abrupt changes
in the underlying structure.

Another approach to capturing intrinsic structures in the data has been to
incorporate a specific nonlinearity, such as the sum of squares (Kriiger, 1998;
Hoyer & Hyviérinen, 2002) or sigmoid functions (Lee, Koehler, & Orglmeis-
ter, 1997). The drawback to these models is that the type of structure learned
is limited by the specific choice of the nonlinearity. Most of these methods
also assume a fixed linear representation (e.g., a set of oriented, localized 2D
basis functions for image models), and those that adapt the linear represen-
tation assume a more constrained form of the nonlinear dependence (see
below). In the model presented here, the linear basis is adapted to the data
and maximizes the statistical independence of the linear representation.
This ensures that the statistical regularities captured by the higher-order
code represent fundamentally nonlinear dependencies rather than residual
dependence resulting from the choice of a suboptimal linear basis. Further-
more, in some applications, there is no clear choice of linear representation
(such as Gabor filters or wavelets in image processing); in such cases, it is
sensible to derive the linear code from the statistics of the data.

Several earlier models have explicitly represented the dependence among
coefficients of linear basis functions. In the subspace ICA model (Hyvéarinen
& Hoyer, 2000), the linear basis functions are grouped into neighborhoods
and adapted to maximize the independence of the vector norms of the neigh-
borhoods. Basis functions within a neighborhood are no longer assumed to
be independent; in fact, the energies of their coefficients are correlated. In
the more generalized form of the model, called topographic ICA, the disjoint
sets of dependentbasis functions are replaced by a topographic arrangement
that defines magnitude dependencies among basis functions (Hyvarinen,
Hoyer, & Inki, 2001). The generative forms of subspace ICA and topographic
ICA can be interpreted as more constrained versions of the density compo-
nent model presented here. Neighborhood or topographic dependencies
can be equivalently represented by density components whose weights are
specified in advance to reflect tree-dependent or topographic relationships.
The density component model, however, places no such constraints on the
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higher-order representation; thus, density components adapted to the data
can capture nontopographic dependencies as well.

A related set of work has attempted to model the dependence among
coefficients of a fixed linear transform, such as a multiscale wavelet de-
composition. Romberg, Choi, and Baraniuk (2001) used a set of discrete
latent variables, propagated along a multiscale wavelet tree, to describe
the distribution of each wavelet coefficient. The transition probabilities of
the latent states were adapted to match the scale dependencies between
adjacent nodes in the tree. Buccigrossi and Simoncelli (1999) computed a
linear predictor of scale for each coefficient as a function of the magnitudes
of its neighbors. Wainwright, Simoncelli, and Willsky (2001) extended this
approach by modeling the wavelet coefficients as observed variables in a
gaussian scale mixture, in which random gaussian variables are multiplied
by latent scaling variables. Dependence among coefficients adjacent on the
wavelet tree is captured through the structure of a gaussian process de-
fined on the scaling variables. In addition to its reliance on a fixed linear
representation (the drawbacks of this are outlined above), this model is lim-
ited in that it can only describe pairwise dependencies between variables
adjacent on the wavelet tree. Adapting a model to learn global statistical
regularities, as opposed to local representations of class structure or pair-
wise dependence, allows it to capture a wider range of intrinsic structures.
Also, learning an efficient basis to describe these dependencies facilitates
their interpretability and provides a better fit to the underlying structure.

7 Conclusion

We have introduced a hierarchical, generative Bayesian model that can be
considered a nonlinear extension to ICA. It uses parametric density estima-
tion to learn statistical regularities from the data and makes no assumptions
about the type of structure it expects to find. The model is general, it is not
specific to any domain and can be applied to any data set with rich statistical
structure. Because the model forms distributed representations at all levels
of its hierarchy, it scales well to large-dimensional data.

Adapted to patches from natural images or samples from speech data,
the density component model was able to learn nonlinear statistical regu-
larities. It yielded a distributed representation of context, which included
higher-order spatial relationships for image data and frequency and har-
monic structure for audio data. Sampling from the model produced data
with the same statistical regularities observed in the training data sets and
the model’s implicit normalization of the lower-order code accounted for
the residual dependencies observed in various data sets.

Recently, it has been argued that higher-order properties of natural sig-
nals change slowly across time or space and that this spatial and temporal co-
herence can be used to extract higher-order structure from the data (Foldiak,
1991; Kayser, Einhduser, Diimmer, Konig, & Koérding, 2001; Wiskott & Se-



Learning Density Components 419

jnowski, 2002; Hurri & Hyvérinen, 2003). We show that in some cases, sim-
ply learning higher-order statistical regularities in the data leads the model
to recover more abstract properties that tend to vary slowly with time or
space. This raises the possibility that the explicit computational goal of ex-
tracting coherent (slowly changing) parameters is helpful, but not necessary
to learning intrinsic structures that underlie the variation in the data.

One result of learning global statistical regularities is that the learned
structure is not necessarily obvious; for example, density components
adapted to natural images describe a variety of statistical regularities, some
of which are not easily interpreted. This is true for many unsupervised
learning models that do not specify in advance the structure to be learned.
For example, ICA applied to natural images yields a matrix of basis func-
tions whose functional interpretation has ranged from edge detectors (Bell
& Sejnowski, 1997) to models of biological sensory systems (van Hateren &
van der Schaaf, 1998). The work presented here suggests that as more pow-
erful unsupervised learning models are developed, the analysis of learned
parameters and data representations will gain in importance.

The approach taken in this work is to attack a difficult problem—captur-
ing intrinsic regularities in complex high-dimensional data—incrementally.
Although the model is able to capture some nonlinear statistical regularities,
the structure it learns is still quite low level. This step-wise approach stands
in contrast to other computational schemes that solve specific problems,
such as perceptual invariance or scene segmentation. This may prove more
tractable and robust because it does not rely on preconceived notions of
intrinsic structures but learns them from the data. This approach might also
give more insight into the organization of biological perceptual systems,
where each processing unit performs a relatively simple computational task,
and many computational goals might be achieved incrementally and in
parallel.

Appendix

The value of ¥ for a given u was obtained by maximizing the log posterior
distribution

= logp(vlu, B) « log p(u|B, v)p(v). (A.1)

We use the Laplace distribution for the prior on v and a generalized gaussian
distribution with the scale parameters A for the likelihood p(u|B, v), so that

N qi\ M v; |9
L logl_[zi exp (— — > sz exp <— ?] ) (A.2)
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where z = g/(2AI'(1/9)) is the normalization term, A; = celBVl and ¢ =

VI'(1/9)/T(3/q). For a given data sample, u is the N x 1 vector of linear
basis function coefficients and v the M x 1 vector of density component

coefficients. A is the N x N matrix of linear basis functions, and B is the
N x M matrix of density components. We use [Bv]; to denote the ith element
of the vector Bv, and B; to denote the ith row of the matrix B.

The MAP estimate ¥ was obtained by gradient ascent,

) [ M v,
— = log A; — ] (A.5)
N
u; |7 Jvj |91
ZZ[_B’7+qu’7 ce[BlV]i ] sign(v))gj——— o (A.6)
i=1

The gradient ascent procedure was sensitive to initial conditions and
in some cases did not converge to a solution. We tried several alternatives,
including a closed-form approximation to the MAP estimate. Ultimately, the
most effective learning method was to adjust the step size € by the stochastic
estimate of the Hessian over each batch of data (LeCun et al., 1998):

(A7)

where p is a small constant that improves stability when the second deriva-
tive is very small. The second derivative for a data sample is given by

Zq

The density component matrix B was estimated by maximizing the pos-
terior over the data ensemble,

|v ]|%

— g — 1) (A.8)

[BV]

logp(Blx1, ..., xn, A) « logp(x1, ..., xn|A, B)p(B) (A9)
o " log pxslA. B)p(B) (A.10)

o< Y "logp(uy|B, ¥,)p(¥,)p(B)/| det Al. (A.11)

Let ﬁn = log p(u,|B, ¥,,)p(¥,)p(B). We place a gaussian prior on B and im-
plement gradient ascent AB = % >, 0L,/ dBj;, where the posterior for each
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data sample x, is

oL d
B = 3B [log p(uu[B, ¥,) + log p(¥,,) + log p(B) ] (A.12)
ij ij
P N ; M - q N.M 312],
_ og — |HT N Y] 21 (a13
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i |%
= —0j + vjqi BT —Bj. (A.14)
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Abstract

Efficient coding provides a powerful principle for explaigiearly sensory cod-
ing. Most attempts to test this principle have been limitedittear, noiseless

models, and when applied to natural images, have yieldedted filters consis-

tent with responses in primary visual cortex. Here we shawah efficient coding

model that incorporates biologically realistic ingredsen input and output noise,
nonlinear response functions, and a metabolic cost on ting fiate — predicts

receptive fields and response nonlinearities similar tedghabserved in the retina.
Specifically, we develop numerical methods for simultarsolearning the linear

filters and response nonlinearities of a population of madekons, so as to max-
imize information transmission subject to metabolic cos¢hen applied to an

ensemble of natural images, the method yields filters tleatamnter-surround and
nonlinearities that are rectifying. The filters are orgadinto two populations,

with On- and Off-centers, which independently tile the aisspace. As observed
in the primate retina, the Off-center neurons are more naogeand have filters
with smaller spatial extent. In the absence of noise, ouhoteteduces to a gen-
eralized version of independent components analysis, avithdapted nonlinear
“contrast” function; in this case, the optimal filters aredtized and oriented.

1 Introduction

Coding efficiency is a well-known objective for the evaloatand design of signal processing sys-
tems, and provides a theoretical framework for understanbliological sensory systems. Attneave
[1] and Barlow [2] proposed that early sensory systems atiengged, subject to the limitations of
their available resources, for representing informatiomtained in naturally occurring stimuli. Al-
though these proposals originated more than 50 years agphtive proven difficult to test. The
optimality of a given sensory representation depends offiatimdy of possible neural transforma-
tions to which it is compared, the costs of building, mainitag, and operating the system, the
distribution of input signals over which the system is eatdudl, and the levels of noise in the input
and output.

A substantial body of work has examined coding efficiency afyevisual representations. For
example, the receptive fields of retinal neurons have beewrsho be consistent with efficient

coding principles [3, 4, 5, 6]. However, these formulatiogly on unrealistic assumptions of linear
response and Gaussian noise, and their predictions arenitpialy constrained. For example, the
observation that band-pass filtering is optimal [4] is ifisi#nt to explain rotationally symmetric

(center-surround) structure of receptive fields in theneeti



The simplest models that attempt to capture both the reeefitid properties and the response non-
linearities are linear-nonlinear (LN) cascades, in whieh incoming sensory stimulus is projected
onto a linear kernel, and this linear response is then paksedgh a memoryless scalar nonlinear
function whose output is used to generate the spiking respofthe neuron. Such approaches have
been used to make predictions about neural coding in gef¥r8], and, when combined with a
constraint on the mean response level, to derive orientsptive fields similar to those found in
primary visual cortex [9, 10]. These models do not genetaltprporate realistic levels of noise.
And while the predictions are intuitively appealing, it Is@somewhat of a mystery that they bypass
the earlier (e.g., retinal) stages of visual processingihith receptive fields are center-surround.

A number of authors have studied coding efficiency of scatarlinear functions in the presence
of noise and compared them to neural responses to varialibsas contrast [11, 12, 13, 14, 15].
Others have verified that thikstributions of neural responses are in accordance with predictions of
coding efficiency [16, 17, 18, 19]. To our knowledge, howewerprevious result has attempted to
jointly optimize the linear receptive field and the nonlinessponse properties in the presence of
realistic levels of input and output noise, and realistiogtcaints on response levels.

Here, we develop methods to optimize a full population aédirnonlinear (LN) model neurons for
transmitting information in natural images. We includerartén the objective function that captures
metabolic costs associated with firing spikes [20, 21, 223. aldo include two sources of noise, in
both input and output stages. We implement an algorithmdiotly optimizing the population of
linear receptive fields and their associated nonlinearitide find that, in the regime of significant
noise, the optimal filters have a center-surround form, aedptimal nonlinearities are rectifying,
consistent with response properties of retinal ganglidis.cé/e also observe asymmetries between
the On- and the Off-center types similar to those measureetinal populations. When both the
input and the output noise are sufficiently small, our leagrlgorithm reduces to a generalized form
of independent component analysis (ICA), yielding optifiledrs that are localized and oriented,
with corresponding smooth nonlinearities.

2 A model for noisy nonlinear efficient coding

We assume a neural model in the form of an LN cascade (Figwtégh has been successfully fit
to neural responses in retina, lateral geniculate nucngsprimary visual cortex of primate visual
systems [e.g., 23, 24, 25]. We develop a numerical methogtion@e both the linear receptive

fields and the corresponding point nonlinearities so as tdmiae the information transmitted about
natural images in the presence of input and output noiseglisss/metabolic constraints on neural
processing.

Consider a vector of inputs of dimensionalityD (e.g. an image wittD pixels), and output vector
r of dimensionality.J (the underlying firing rate off neurons). The response of a neurgns
computed by taking an inner product of the (noise-corruptgalit with a linear filterw ; to obtain
a generator signal; (e.g. membrane voltage), which is then passed through heaméinearity f;
(corresponding to the spike-generating process) and giadwvith additional neural noise,

ri = fi (y;) +nr 1)
Yi = W;T (X + nﬂ?) ’ (2)

(Fig. 1a). Note that we did not constrain the model to be “cleted (the number of neurons can be
smaller or larger than the input dimensionality) and thahezeuron can have a different nonlinear-
ity.

We aim to optimize an objective function that includes thetumbinformation between the input
signal and the population responses, dendtexi; R), as well as an approximate measure of the
metabolic operating cost of the system. It has been estihihst most of the energy expended by
spiking neurons is associated with the cost of generating {acovering from) spikes and that this
cost is roughly proportional to the neural firing rate [22]huE we incorporate a penalty on the
expected output, which gives the following objective fuoet

I(X;R)—Z/\j<7“j>- 3)
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Figure 1:a. Schematic of the model (see text for description). The gotd maximize information
transfer between imagesand the neural responggsubject to metabolic cost of firing spikels.
Information about the stimulus is conveyed both by the ayeament of the filters and the steepness
of the neural nonlinearitiedlop: two neurons encode two stimulus components (e.g. two pofels
an imagey; andzxs) with linear filters (black lines) whose output is passedtigh scalar nonlinear
functions (thick color lines; thin color lines show isoresge contours at evenly spaced output
levels). The steepness of the nonlinearities specifies theigion with which each projection is
represented: regions of steep slope correspond to finetiguairtg of the input space, reducing the
uncertainty about the inpuBottom: joint encoding leads to binning of the input space accorting
the isoresponse lines above. Grayscale shading indi¢egésvel of uncertainty (entropy) in regions
of the input (lighter shades correspond to higher uncestpi&fficient codes optimize this binning,
subject to input distribution, noise levels, and metabaotdists on the outputs.

Parameten; specifies the trade-off between information gained by firmaye spikes, and the cost
of generating them. It is difficult to obtain a biologicallylid estimate for this parameter, and
ultimately, the value of sensory information gained deenwl the behavioral task and its context
[26]. Alternatively, we can usg; as a Lagrange multiplier to enforce the constraint on thermea
output of each neuron.

Our goal is to adjust both the filters and the nonlinearitfeb® neural population so as to maximize
the expectation of (3) under the joint distribution of inp@nd outputsp(x,r). We assume the
filters are unit norm|(w ;|| = 1) to avoid an underdetermined model in which the nonlingaigtles
along its input dimension to compensate for filter amplifwat The nonlinearitieg; are assumed
to be monotonically increasing. We parameterizedstbpe of the nonlinearityy; = df; /dy; using

a weighted sum of Gaussian kernels,

L
9i (W5 lcin, mik, 05) Zcﬂc eXP( e e ks ) ; (4)
J

with coefficientsc;, > 0. The number of kernel& was chosen for sufficiently flexible nonlinearity
(in our experimentg( = 500). We spacedq;; evenly over the range of; and chose; for smooth
overlap of adjacent kernels (kernel centgss apart).

2.1 Computing mutual information

How can we compute the information transmitted by the nealimetwork of neurons? Mutual
information can be expressed as the difference betweentimoges,/ (X; R) = H(X)—H(X|R).
The first term is the entropy of the data, which is constaet ffi.does not depend on the model) and
can therefore be dropped from the objective function. Tlcesé term is the conditional differential
entropy and represents the uncertainty in the input aftegisiing the neural response. Itis computed
by taking the expectation over output valué$X |R) = E, [— [ p(x|r) In p(x|r)dx]. In general,
computing the entropy of an arbitrary high dimensionakibstion is not tractable. We make several
assumptions that allow us to approximate the posteriorpcenits entropy, and maximize mutual
information. The posterior is proportional to the produtcth® likelihood and the priogp(x|r)
p(r|x)p(x); below we describe these two functions in detail.



The likelihood. First, we assume the nonlinearity is smooth enough thahealetvel of the noise
(both input and output)f; can be linearized using first-order Taylor series expansitnis means
that locally, for each input’ and instance of noise,

r'~ G'WT(x' +nl) +nl + £, (5)

whereW is a matrix collecting the neural filter§ is a vector of constants, ar@' is a diagonal

matrix containing the local derivatives of the responsecfiomsg;(y;) at y;(x’). Here we have

usedi to index parameters and random variables that change wéthieput. (Similar approxima-
tions have been used to minimize reconstruction error imalewnlinearities [27] and maximize
information in networks of interacting genes [28].)

Ifinput and output noises are assumed to be constant andsi@aywith covariance€,,, andC,, .,
respectively, we obtain a Gaussian likelihggd|x), with covariance
L. =G'WT'C, WG'+C,, . (6)

r|x

We emphasize that although the likeliholmtally takes the form of a Gaussian distribution, its
covariance is not fixed but depends on the input, leadingfferdit values for the entropy of the
posterior across the input space. Fig. 1b illustrates sakieally how the organization of the filters
and the nonlinearities affects the entropy and thus detersnihe precision with which neurons
encode the inputs.

The prior. We would like to make as few assumptions as possible abouyirtbedistribution of
natural images. As described below, we rely on sampling eegches to approximate this density
when computingH (X|R). Nevertheless, to compute local estimates of the entropyeesl to
combine the prior with the likelihood. For smooth densitié® entropy depends on the curvature
of the prior in the region where likelihood has significantssiaWhen an analytic form for the prior
is available, we can use a second-order expansion of thegyoand the maximum of the posterior
(known as the “Laplace approximation” to the posterior) fattunately, this is difficult to compute
reliably in high dimensions when only samples are availabistead, we use thgiobal curvature
estimate in the form of the covariance matrix of the déta,

Putting these ingredients together, we compute the pos&sia product of two Gaussian distribu-
tions. This gives a Gaussian with covariance
= (CI' + WGHG'WTC,, WG + C,, ) 'G'WT)' @)

xz|r

This provides a measure of uncertainty about each input masaus to express information con-
veyed about the input ensemble by taking the expectationtbeenput and output distributions,

1 )
—H(X|R) = —B | 5 In2medet(CL,) | - )

We obtain Monte Carlo estimates of this conditional entrbpyaveraging the term in the brackets
over a large ensemble of patches drawn from natural imageant/output noise sampled from
assumed noise distributions.

2.2 Numerical optimization

We made updates to model parameters using online gradiegritasn the objective function com-
puted on small batches of data. We omit the gradients herthessare obtained using standard
methods but do not yield easily interpretable update ru@se important special case is derived
when the number of inputs equals the number of outputs, atidrmise levels approach zero. In
this setting, the update rule for the filters reduces to th& l&arning rule [8], with the gradient
updates maximizing the entropy of the output distributidBecause our response constraint effec-
tively limits the mean firing rate and not the maximum, tha-&tgbbian term is different from that
found in standard ICA, and the optimal (maximum entropypoesse distributions are exponential,
rather than uniform. Note also that our method is more génieaa standard ICA: it adaptively
adjusts the nonlinearities to match the input distributiwvhereas standard ICA relies on a fixed
nonlinear “contrast” function.

To ensure all nonlinearities were monotonically incregsithe coefficients:;, were adapted in
log-space. After each step of gradient ascent, we nornufilters so that|w;|| = 1. It was also

4



necessary to adjust the sampling of the nonlinearitiesiflon of 1,;,'s) because, as the fixed-norm
filters rotated through input space, the variance of theegt@ns can change drastically. Thus,
whenever data fell outside the range, the range was douteldyhen all data fell inside the central
25%, it was halved.

3 Training the model on natural images

3.1 Methods

Natural image data were obtained by sampling<16 patches randomly from a collection of
grayscale photographs of outdoor scenes [29], whose pitehsities were linear w.r.t. light lumi-
nance levels. Importantly, we did not whiten images. Thg pnéprocessing steps were to subtract
the mean of each large image and rescale the image to attaieaese of 1 for the pixels.

We assumed that the input and output noises were i.i.€C,s6- o2 Ip ande =02 _I;. We chose
8dB for the input §,,,~0.4). Although this is large relative to the variance of a plxs a result of
strong spatial correlations in the input, some projectifriee data (low frequency components) had
SNR over 40dB. Output noise levels were set to -6dB (compaged log,,((r;) /on,.); on,.=2)in
order to match the high variability observed in retinal gamcells (see below). Parameter was
adjusted to attain an average rate of one spike per neurangerimage,r;)=1.

The model consisted of 100 neurons. We found this numbersaffieient to produce homogeneous
sets of receptive fields that spatially tiled the image patohhe retina, the ratio of inputs (cones)
to outputs (retinal ganglion cells) varies greatly, frommakt 1:3 in central fovea to more than 10:1
in the periphery [30]. Our ratio of 256:100 is within the plolegical range, but other factors, such
as eccentricity-dependent sampling, optical blur, andtiplalganglion cell subtypes make exact
comparisons impossible.

We initialized filter weights and nonlinearity coefficiettsrandom Gaussian values. Batch size was
100 patches, resampled after each update of the param&tetsained the model for 100,000 itera-
tions of gradient ascent with fixed step size. Initial coiodis did not affect the learned parameters,
with multiple runs yielding similar results. Unlike algtrims for training generative models, such
as PCA or ICA, itis not possible to synthesize data from thenhdtlel to verify convergence to the
generating parameters.

3.2 Optimal filters and nonlinearities

We found that, in the presence of significant input and outpige, the optimal filters have center-
surround structure, rather than the previously reportéshted shapes (Fig. 2a). Neurons orga-
nize into two populations with On-center and Off-centeefit each independently tiling the visual
space. The population contains fewer On-center neuronsf(4@0) and their filters are spatially
larger (Fig. 2b). These results are consistent with measemés of receptive field structure in retinal
ganglion cells [31] (Fig. 3).

The optimal nonlinear functions show hard rectificatiorthvthresholds near the mode of the input
distribution (Fig. 2c). Measured neural nonlinearities gypically softer, but when rectified noise
is taken into account, a hard-rectified model has been shovire ta good description of neural
variability [32]. The combination of hard-rectifying nonéarities and On/Off filter organization
means that the subspace encoded by model neurons is apptelyirhalf the dimensionality of
the output. For substantial levels of noise, we find that evécomplete” network (in which the
number of outputs equals the number of inputs) does not saimput space and instead encodes
the subspace with highest signal power.

The metabolic cost parametexgthat yielded the target output rate were close to 0.2. Thianse
that increasing the firing rate of each neuron by one spikéenpege leads to an information gain of
20 bits for the entire population. This value is consisteith\previous estimates of 40-70 bits per
second for the optic nerve [33], and an assumption of 2-5ifirat(and thus unique images seen)
per second.

To examine the effect of noise on optimal representatiorstrained the model under different
regimes of noise (Fig. 4). We found that decreasing inpuganigiads to smaller filters and a reduction
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rectifying functions.a. The set of learned filters for 100 model neurobs.In pixel coordinates,
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[31]. We plot the estimated linear filters, horizontal sfidhrough the filters, and mean output as
a function of input (black line, shaded area shows one standieviation of response)b. For
comparison, we performed the same analysis on two modebnsuNote that the spatial scales of
model and data filters are different.
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in the number of On-center neurons (bottom left panel). Ia tase, increasing the number of
neurons restored the balance of On- and Off-center filtess fhown). In the case of vanishing
input and output noise, we obtain localized oriented fil{ep left panel), and the nonlinearities are
smoothly accelerating functions that map inputs to an egptial output distribution (not shown).
These results are consistent with previous theoreticat sloowing that optimal nonlinearity in the
low noise regime maximizes the entropy of the output sulifectsponse constraints [11, 7, 17].

How important is the choice of linear filters for efficientammation transmission? We compared
the performance of different filtersets across a range offirates (Fig. 5). For each simulation, we
re-optimized the nonlinearities, adjusting's for desired mean rate, while holding the filters fixed.
As a rough estimate of input entrop¥/( X ), we used an upper bound — a Gaussian distribution with
the covariance of natural images. Our results show that Viilters are mismatched to the noise
levels, performance is significantly degraded. At equivadeitput rate, the “wrong” filters transmit
approximately 10 fewer bits; conversely, it takes about 508&te spikes to encode the same amount
of information.

We also compared the coding efficiency of networks with \d@eaaumber of neurons. First, we
fixed the allotted population spike budget to 100 (per inpiixed the absolute output noise, and
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Figure 4: Each panel shows a subset of filters (20 of 100) mbthiinder different levels of input
and output noise, as well as the nonlinearity for a typicalror in each model.
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Figure 5: Information transmitted as a function of spikerainder noisy conditions (8dB SNR
—6dB SNR,,:). We compare the performance of optimal filteW¥ () to filters obtained under low
noise conditions\V5, 20dB SNR,,, 20dB SNR,,;;) and PCA filters, i.e. the first 100 eigenvectors
of the data covariance matri¥\(s).

varied the number of neurons from 1 (very precise) neurorbtb(fairly noisy) neurons (Fig. 6a).
We estimated the transmitted information as describedabbvthis regime of noise and spiking
budget, the optimal population size was around 100 neurbliext, we repeated the analysis but
used neurons with fixed precision, i.e., the spike budgetsegated with the population to give 1
noisy neuron or 150 equally noisy neurons (Fig. 6b). As theupettion grows, more information is
transmitted, but the rate of increase slows. This suggkatsricorporating an additional penalty,
such as a fixed metabolic cost per neuron, would allow us @igirthe optimal number of canonical
noisy neurons.

4 Discussion

We have described an efficient coding model that incorpsraigredients essential for computa-
tion in sensory systems: non-Gaussian signal distribatiaalistic levels of input and output noise,
metabolic costs, nonlinear responses, and a large poputzitneurons. The resulting optimal solu-
tion mimics neural behaviors observed in the retina: a caatimn of On and Off center-surround
receptive fields, halfwave-rectified nonlinear responagsd, pronounced asymmetries between the
On- and the Off- populations. In the noiseless case, our odgphovides a generalization of ICA
and produces localized, oriented filters.

In order to make the computation of entropy tractable, we enseleral assumptions. First, we
assumed a smooth response nonlinearity, to allow locahiination when computing entropy. Al-
though some of our results produce non-smooth nonlinesritive think it unlikely that this sys-
tematically affected our findings; nevertheless, it migatgmssible to obtain better estimates by
considering higher order terms of local Taylor expansioecdhd, we used the global curvature of
the prior density to estimate the local posterior in Eqn. hefter approximation would be obtained
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Figure 6: Transmitted information (solid line) and totaikgprate (dashed line) as a function of the
number of neurons, assumirg) fixed total spike budget andaj fixed spike budgeaper neuron.

from an adaptive second-order expansion of the prior deastund the maximum of the poste-
rior. This requires the estimation of local density (or mtlits curvature) from samples, which is a
non-trivial problem in a high-dimensional space.

Our results bear some resemblance to previous attemptsit@ detinal properties as optimal so-
lutions. Most notably, optimal linear transforms that ogitie information transmission under a
constraint on total response power have been shown to béstemswith center-surround [4] and
more detailed [34] shapes of retinal receptive fields. Buhdimear models do not provide a unique
solution, nor can they make predictions about nonlineaabielns. An alternative formulation, using
linear basis functions taeconstruct the input signal, has also been shown to exhibit centepaad
shapes [35, 6]. However, this approach makes additionahgstsons about the sparsity of weights
in linear filters, nor does it explicitly maximize the effioiey of the code.

Our results suggest several directions for future effdfisst, noise in our model is a known con-

stant value. In contrast, neural systems must deal withgihgrevels of noise and signal, and must
estimate them based only on their inputs. An interestingtjore, unaddressed in current work, is
how to adapt representations (e.g., synaptic weights anlihearities) to dynamically regulate cod-

ing efficiency. Second, we are interested in extending tludehto make predictions about higher
visual areas. We do not interpret our results in the noisalase (oriented, localized filters) as pre-
dictions for optimal cortical representations. Instead imtend to extend this framework to cortical

representations that must deal with accumulated nonliyeard noise arising from previous stages
of the processing hierarchy.
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